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The theory of coercive, semimonotone operators A mapping a reflexive 
separable Banach space X into its dual X* and its applications to the study of 
boundary-value problems for strongly nonlinear elliptic equations on a 
bounded open set of R” were treated by Browder [l] and by Leray-Lions [8]. 
In spite of the generality of the theory, the exterior problem for nonlinear 
elliptic equations falls outside the framework of the above treatments. 
In this paper semimonotone operators, which are not necessarily coercive, 
are considered. As applications, the existence and the uniqueness of solutions 
of the exterior problem for nonlinear elliptic operators of the form 
will be established. For any n, with 3 < n < co, the existence of Leray’s 
solutions of the generalized Navier-Stokes equations, 
j$, Dj(%(x, u) W) + $r U@~U + gradp = f on E, 
the exterior of a closed surface Z; 
div u = 0 on E, u Ip = 0; U(X) +O as IxI+zQ, 
will be shown. If n = 4, the ajk may be considered as depending not only on 
x, u, but also on Du. 
Solutions of the exterior problem for the stationary Navier-Stokes equa- 
tions when n = 3 were obtained by Leray [7], Ladyzenskaya [6], Finn [3], 
and Fujita [5]. 
* Research sponsored by the U. S. Air Force Office of Scientific Research, Office 
of Aerospace Research, United States Air Force, under AFOSR Grant No. AFOSR- 
69-1791. 
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An abstract existence theorem is proved in Section 1. Applications are 
given in Section 2. 
SECTION 1. Let X, V, W be three real Banach spaces with V and W 
reflexive. Suppose that W is separable and X C V C W. The natural injection 
mappings of X into V and of V into W are continuous. Let S be a countable 
subset of X and M; the linear span of S is assumed to be dense in W. 
The pairing between V and its dual I/* is denoted by ((*, *)) and that of W 
and W* by (., .). Let g be a linear functional on M, then (g, y) denotes the 
value of the functional g at the point q~ E M. 
Consider nonlinear mappings A(u, v) satisfying the following conditions. 
Assumption (I). (i) If u, v are in TV then A(u, v) is a bounded linear fum- 
tional on 144. 
(ii) If u E V; v E W then A(u, v) E W* and A(u, v) E W* if u E W, 
v E s. 
(iii) (A(u, v) - A(u, w), v - w) > 0 for all u in V and all v, w in W. 
(iv) (4~~ 4, 4 2 4 u I&V> II u I&V f or all u in V. c(r) is a continuous 
function of r with c(r) ++masr++co. 
(4 If II u, Ilw < C, II vn IIw G G 3 then II A&z > vn)ll < C, - 
(vi) For fixed u in W, if v,, - v in W then (A(u, v~), q) + (A(u, v), v) 
for all 9 in ill. 
(vii) For $xed 9) in M, A(., v) is continuous from the weak topology of W 
to the strong topology of W*. 
(viii) FOY Jixed a in W, A(*, v) is continuous from the strong topology of V 
to the weak topology of W*. 
Let B(u, v) be nonlinear mappings satisfying the following assumption. 
Assumption (II). (i) If u, v, in W; then B(u, v) is a linear functional on M. 
(ii) u in X; v in W, then B(u, v) E V*. 
(iii) ((B(u, v), w)) + ((B(u, w), v)) = 0 for all u in X; v, w in V. 
(iv) B(u, v) maps bounded sets of X x W into bounded sets of V*. 
(v) If u, ---f u in X, then B(u~ , u,) + B(u, u) weakly in V*. 
(vi) If u, -+ u weakly in W, then (B(un , u,), ‘p) -+ (B(u, u), v) for all p 
in S. 
Finally we shall make the following assumption: 
Assumption (III). Suppose that Assumptions (I), (II) are satisjied. Suppose 
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further that ;f there exists {u,,}, u, E X, with u, --+ u weakly in W and if there 
exists f E W* such that: 
(a) lim in&+, ,h), 4J < (f, 4, 
(b) (A@,, urn), d + ((&n 9 u,), v)) + (f, y) for all p in S. Then 
(Ah , s), v> - (A(u, u), ‘P> for all P in S. 
LEMMA 1. Suppose that X = L’ and B(u, w) = 0. Then dssumption (III) 
is verified. 
Proof. (1) M, the linear span of S is a subspace of W. For each u, v in W, 
A(u, v) is a bounded linear functional on M. It follows from the Hahn- 
Banach theorem that there exists ,42(~, v) E W* with 
W@, 9, d = (A@, 4, v> for all q3 in M 
and II a(~, 411w* = 11 A(u, v)II . Moreover, since M is dense in W, the 
extension &(u, v) is unique. 
(2) We check that for fixed u in W, &(u, .) is continuous from the strong 
topology of W to the weak topology of W*. 
Indeed, suppose that v,, -+ v in W. Then 
G’(u, 4 - J+, 4, d = (4,~) - A@, 4, v>> for FinM. 
From our hypotheses on A, we get 
(J+, %) - J+, v), p’) - 0, for p,inM. 
On the other hand, 
II JJ(u, 0,) lb* = II A@, v,,> II< C> 
it follows from the weak compactness of the unit ball in a reflexive Banach 
space that .A(u, w,J - &(u, w) -+g weakly in W*. Therefore, (g, p) = 0 
for all p, in M. 
M is dense in W, hence g = 0, i.e., &(u, v,) + s?(u, w) weakly in W*. 
We have 
(A(un , YI) - 4, ,4, u,, - 4 2 0 for vinM. (3) 
Thus 
( f - A&4, u - 4 2 0 for all vinM. 
For v in M, 
W’(U,~, P) = (A@, 9, d for all pin W. (4) 
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Indeed, let qua - v in W with q+, E M. Then 
(Jqu, 4 - 4% f-J>, d
= (d(u, 0) - A(u, w), yn) + (-=qu, w) - 44 49 v - %)n) 
= (d(zJ, w) - A(% 4, P - ?%I>- 
Thus 
l&f@4 4 - 44 4, P)l < 2 II 44 4 II v - Pn IIw-+ 0. 
Therefore 
(f - &(u, w), u - w) > 0 for all w in M. 
Since M is dense in W, we deduce from part (2) that 
( f - Jqu, w),u - w) B 0 for all 0 in W. 
Again using the result of part (2) and an elementary argument of the theory 
of monotone operators (e.g. cf. [l]), we obtain &‘(u, u) =f, i.e., 
(44 49 v) = (4% 4, ‘p> = (f, P) for all p in S. Q.E.D. 
THEOREM 1. Suppose that Assumptions (I), (II), and (III) me satisfied. 
Then for each f in W*, there exists u in W such that 
(A@, 4, v> + <B(u, 4, v,> = (f, ‘~1 for all rp in S. 
COROLLARY 1 (cf. [I] and [S]). Suppose X = V = W and B(u, w) = 0. 
Suppose further that Assumption (I) is satisfied. Then for each fin W*, there 
exists u in W such that A(u, u) = f. 
Proof of Corollary 1. The proof is immediate in view of Lemma 1 and 
of Theorem 1. Indeed, we have (A(u, u), 9’) = (f, p’) for all p in M. Since M 
is dense in W, A(u, u) = f. 
COROLLARY 2. Suppose that X = V and B(u, w) = 0. Suppose further that 
Assumption (I) is satisfied. Then for each f in W*, there exists u in W such that 
(4~. 4, v,> = (f, v) for all ‘P in M. 
Proof of Corollary 2. Trivial by taking into account Theorem 1. 
COROLLARY 3. Suppose that the hypotheses of Corollary 2 are satisfied. 
Suppose further that if u,, -+ u in W, then (A(u,, , u,,), go) ---t (A(u, u), cp) fw 
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all p in M and moreover that there exists a positive continuous function cl(r) 
with c,(O) = 0 such that 
(A(u, u) - A(v, a), u - v) 3 c,(ll u - v llw) II u - v IIW 
for all u, v in V. Then for each f in W *, there exists a unique u in W with: 
Mu, 4, v,> = (f, 94 for all fp in M. 
Proof of Corollary 3. 
(1) Let u be in W, then, as in the proof of Lemma 1, there exists an 
extension &(u, U) of A(u, U) to W. Since M is dense in W, the extension is 
unique. 
We have : 
for all 9, f$ in M. 
(2) We show that the inequality is still true for all y, 4 in W. Since M is 
dense in W, there exists vn + ‘p in Wand yn E M. So 
(JqyJ?? , q&J - Jq4, C), %a - 4) 3 4 %a - + llw) II %I - d lb 9 c in M- 
wPn 3 ?J?A #> - <494 Ph #> for all #inMasn+co, 
a proof as in Lemma 1 gives 
-@‘(R , v,J -+ d(v, d weakly in W*. 
Hence 
since cl(r) is a continuous function of r. 
The same argument again gives 
(d(cp, v) - Jq$? 54, P - 4) a 4ll VJ - 4 lb) II 9 - 4 lb 
for all v, 4 in W. 
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(3) Let u, v be two elements of W satisfying the equations: 
(Jqu, 4,d = (-4(& 4, T> = ( f, 94 
and 
ww v), Y-4 = (4% 4, v,> = LA d for all p,inM. 
The existence of ZJ and of v is given by Theorem 1. Then 
(J-q% 4 - 4% 4, v) = 0 
M is dense in W, hence 
for all v in M. 
(d(u, 24) - Jqv, v), u - v) = 0. 
Thus 
G(lI u - v Ilw) = 0 and 21 = 0. Q.E.D. 
Proof of Theorem 1. Let X1 be the closure of 64, the linear span of S in 
the X norm. X1 is a separable Banach space. In [2] (Theorem 1, the reflexitivity 
hypothesis may be removed) it was shown that given a separable Banach 
space X, , one may construct a separable Hilbert space H and a compact 
linear injection mapping J of H into X, such that SC J(H). 
(1) LetO<e<l and 
C(u, 4 = l + J*A(Ju, Jv) + J*qJ% Ju); u, v in H. 
We show the existence of a solution U, in H of the equation, 
C(u, V) is a nonlinear mapping of H x H into H. It is obvious that C(u, U) 
is coercive. 
Moreover, 
(C(u, 4 - C(u, w>,v - W)H 
C(u, .) is continuous from line segments in H to the weak topology of H. 
It remains to check that for fixed v in H, C(-, V) is continuous from the weak 
topology of H to the strong topology of H. 
Indeed, suppose that U, 4 zl weakly in H, then since J is a compact linear 
mapping of H into X1 , hence into X, Jun + Ju in X. Therefore 
A( Ju, , Ju) - A( Ju, Jv) weakly in W* and ]*A( Jun , Jv) + J*A(Ju, JZJ) 
in H. Similarly with our hypotheses on B, J*B(Jun , Jun) -+ J*B( Ju, Ju) 
in H. Applying Theorem 2 of [l], we get C(u, , u,) = J*j. 
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(2) We have 
Therefore ~(11 Ju. Ilw) < C which implies that I( Jut IIw < C, . Moreover 
E II u, 11; < C, . C, is a constant independent of 6. From the weak compactness 
of the unit ball in a reflexive Banach space we get : 
Jut -+ u weakly in W and EU, ---f 0 in H as E + 0. 
(3) It is clear that 
Moreover 
lim W4Ju, , Ju.), Ju.) < (f, u). 
(4Juc 9 Jd Jd + (@%Ju, s 14 Jd) -+ (5 Jd for all pinH. 
But SC J(H). So 4 E S, + = Jp for some p, in H. Hence 
(4Juc 9 JQ $1 + W(Juc 3 J4 $1) + (5 4) for all #I in S. 
Assumption (III) gives 
MJu, > Jd 4) + Wu, 4,9> 
Since, by hypothesis 
for all f$ in S. 
for all + in S, 
the theorem is proved. 
SECTION 2. In this section, we give some applications to partial diffe- 
rential equations. 
Let E be a subset of Rn, exterior to a closed and smooth surface Z, with 
3 < n < XI. The origin is assumed to be in the interior of Z. The points x of 
E will be denoted by x = (x1 ,..., x,). Set Dj = i-la/ax,; j = l,..., tl. For 
each n-tuple 01 = (0~~ ,..., s) of nonnegative integers, write: 
D” = fi Dy, with Ial = i aj. 
j=l i=l 
By functions, we mean n-vector functions u(x) = (ul ,..., u,) where each 
u,(x) is a real-valued function on E. 
QUASILINEAR ELLIPTIC EQUATIONS 31 
II$‘*‘(E) is the completion of Corn(E), the family of infinitely differentiable 
functions with compact support in E, in the norm 
For 3 < n < co, from an inequality of Payne-Weinberger and a simple 
computation as in [4], we have 
1 / 1 x I-’ 1 Dau I2 dx < C c 1 1 Dau I2 dx; u in Cm(E). 
lal=m-1 E jal=wz E 
Let 
It is a norm. Denote by W the completion of Corn(E) in the II .I\ norm. W is a 
separable Hilbert space and W*, the dual of W, is identified with W by its 
inner product. 
I. Exterior problem for general nonlinear elliptic equations. Let 
V = Wr*‘(E) and W be as above. There exists a basis for W consisting 
of functions vi E Corn(E). Let 5’ = {pj : j = 1, 2,...}. 
Consider nonlinear elliptic operators on E of the form 
A(u) = 1 Da(a&x, u,..., Dmu) Dk) 
lal.l61=m 
with the following assumption on a&x, II,..., Dmu). 
Assumption (IV). The functions aors(x, & ,..., 5,) are measurable in x on E, 
continuous in (5, ,..., cm). There exists a constant C such that 
I a,(x, L ,..-, LA1 G C 
forallxinEandl[l<co. 
Let 
(A(u, v), w) = , , z,- 
a. 111 
lEa,Jx, II ,..., Dm-lu, 0%) D&I D-w dx. 
For u in V, v, w in W, and with the above assumption on arrS , A(u, v) is well- 
defined. 
Let 
<A@, v), ‘P> = , , z,= 
a. m 
/,a&, u,..., Dm-% D”‘v) Dsv D”P dx. 
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It is still well-defined for u, w in W and q~ E C,“(E), since the integral is in 
reality taken only over a bounded subset of Rn. Indeed, it is well-known that 
for a bounded set K of Rn, I/ u IIWm,2(K) < C(K) I/ u 11 . 
Moreover, 
I<44 4, v)l d c II rJ II II 9 II for all p in S. 
A(u, U) is a bounded linear functional on M, the span of S. 
THEOREM 2. Let A(u) be us aboae. Suppose that: 
(i) (B(u, u), u) 2 ~(11 u Ilw) 11 u ljwfor all u in V. 
C(Y) is a continuous function of Y with c(r) -+ + io us r - + 00. 
(ii) (A(u, ~1) - A(u, w), v - w) > 0 for all u in V and for all v, w in W. 
Then for each f in W, there exists u in W such that 
D”u) DBu D”p, dx = (f, cp) for all 9J E cow* 
Proof. To prove Theorem 2, we apply Corollary 2 of Section 1. We verify 
that Assumption (I) is satisfied; the conditions (i), (ii), (iii), (iv) and (v) are 
obviously satisfied. It follows from an elementary argument, using the 
Lebesgue bounded convergence theorem, that conditions (vi) and (viii) are 
verified. 
If v E S and II,-+ u weakly in W, then j/ u~II~,,,,~(~) < C(K)/1 u,, IIw 
where K is a bounded set containing the support of p7. From the Sobolev 
imbedding theorem, we obtain u, -+ u in W”P~,~(K). Again a simple argu- 
ment as above gives (vii). 
Applying Corollary 2, we get: 
,o, z =~ j, aa8(x9 uj...p D’%) D”u D”p, = (f, p’) 
for all q~ in M. Since M is dense in W, the theorem is proved. 
COROLLARY 4. Suppose the hypotheses of Theorem 2 are satisfied. Suppose 
further that 
(4% 4 - 44 4, u - 4 3 c,(ll u - v lb) II u - v IIFV 
for all u, ZI in V. cl(r) is a positiwe continuous function of T with c,(O) = 0. Then 
for each f in W, there exists a unique u in W solution of 
,o, ,,znL j, dxt us...l On%) Deu Dm9, = ( f, cp) 
for all CJJ E Corn(E). 
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Proof. The assertion of the Corollary follows from Corollary 3 of Section 1. 
It suffices to verify that if u,, -+ u in W, then (A(u, , u,), v) + (A(u, u), v) 
for all ‘p in S. An application of the Lebesgue bounded convergence theorem 
together with our hypotheses on aaB gives the wanted result. 
II. Exterior problem for generalized stationary Navier-Stokes equations 
when n = 4. 
Let R = (9’ : p, E Corn(E); div ‘p = 0 on E} and E’ be the completion of R 
in the 11 . ]lwl,2(E) norm. 
Denote by 11 u 11 = II Vu ]IL,~) and by W the completion of R in the ]I * I] 
norm. W is a separable Hilbert space and W* is identified with W by its 
inner product. Let Q+ , ~a ,..., pn ,... be a basis for W consisting of functions 
vj E R. We take S = {vj : j = 1, 2 ,... }. It is known that for every v E R, we 
may find vn E M, the linear span of S, such that 11 V(T~ - T)II~*(~) --+ 0 and 
sup q,, C K where K is a fixed bounded set (cf. [5]). 
Consider nonlinear differential operators on E of the form 
A,(u) = i Dj(Uj,(X, 24, Off) DkU) 
j.k=l 
where ajk(x, u, Du) are assumed to satisfy the following conditions: 
Assumption (V). The functions ajR(x, & , 5,) are measurable in x on E, 
continuous in (& , 5,). There exists a constant C such that 
forallxinEand(<jI <CO. 
Consider 
(Al(u, v), W) = & /,Q(x, U, Dv) D~v Djw dx; u in V; V, w in W. 
Since n = 4, it follows from an inequality of Sobolev that 
Let 
(A,(u, v), W) = ,gI J= UjDjvkWk dx; II in V; V, w in W. 
. = 
A,(u, v) and A,(u, v) are well-defined. For u, v in W, A,(u, v) and A,(u, v) 
are bounded linear functional on M, the linear span of S. 
Set A(u, v) = A,(u, v) + A,(u, v). 
409/31/I-3 
34 TON 
DEFINITION. u is said to be a generalized solution of 
ii1 j( jk( 9 D a x u,Du)D,u)+iujDju+gradp=f on E. 
j=l 
divu = 0 on E, u IE = 0, u(x) --f 0 as IxI+co. 
iff: 
(i) u E W. 
(ii) <A(u, 4, v> = (f, 9)) for all P E R. 
i.e., 
iv& 1, %kcX, 4 Du) DkU Djv dv + i 1 ‘@jukVk = (f, ‘f). 
j,k=l E 
THEOREM 3. Let A,(u) be as above and satisfying Assumption (V). Suppose 
further that: 
(i) (/l,(u, v) - A,(u, w), v - w) 3 0 for all u in V and all v, w in W. 
(ii) (A,@, u), u) b 41 u II) II u II for all u iu W. 
C(Y) is a continuous function of r with C(Y) + + 00 as Y + + CO. Then for each f 
with 1 x If E L2(E), there exists a generalized solution of the Navier-Stokes 
equations. 
Proof. The same argument as before shows that Assumption (I) of 
Section 1 is verified. Applying Corollary 2, we get 
(4~ 4, v> = (Lf, V) for all lp E M. 
Lf is defined by 
(Lf, V) = j-,fv dx. 
Let p E R, then Q may be approximated by P)~ E M with QJ,, + p in W and 
sup q~,, C K, where K is a fixed bounded set. Therefore 
<-W 4, P> = (Lf, p) for all p in R. Q.E.D. 
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III. Exterior problem for generalized stationary Navier-Stokes equations 
when 3 < n < co. 
Let V, FIT, R, and S be as before. Let X = I’ n L”(E). X is a Banach 
space with the obvious norm. 
Consider nonlinear differential operators on E of the form 
A(U) = i Dj(ajk(X, U) DkU) 
j,k=l 
with the following assumption on the smoothness and on the growth of 
a,,: 
Assumption (VI). The functions ajk(x, 5) are measurable in x on E, continu- 
ous in 5. There exists a constant C such that 
for all x on E and 1 5 1 < co. 
Let 
(A(u, v), w) = i / aik(x, u) D,v Djw dx; u in 8; v, w in W. 
j.k=l E 
It is well-defined and, as before, (A(u, v), p) has a meaning for u, v in W 
and q~ in M, since the integral is then taken only over a bounded set of Rn. 
Let 
((B(u, v), W)) = j$l SE@$‘kWk d.r; U in X; 21, w in I;. 
((., .)) is the pairing between F’ and its dual V*. 
THEOREM 4. Let A(u) be as above and satisfying Assumption (VI). Suppose 
that: 
(9 (4~ 4 - 4 , > u w,v-w)>OforalluinVandv,win W. 
(ii) (A(u, u), u) > ~(11 u 11) I/u 11 for all u in V. 
c(r) is a continuous function of r with c(r) -+ + CO as r + + CO. 
Then for each f with I x 1 f E L2(E), there exists a generalized solution u in W 
of 
& Dj(ai,(x, u) D,u) + $i ujDju + gradp = f on E, div u = 0 on E, 
u 1z = 0; u(x) -+ 0 as IXI-+CO. 
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Proof. We show that condition (vi) of Assumption (II) is satisfied. 
Suppose that u, + u weakly in W. With v in M, we have: 
Since p E Corn(E), the integral is taken only over a fixed bounded set K. On 
such a fixed bounded set K, u, -+ u in L2(K). Therefore 
@(us 1 4, v> + @(u, 4, cp> for 91 in M. 
All the other conditions of Assumptions (I) and (II) are trivial to check. 
Assumption (III) is verified by a similar argument using the Lebesgue 
convergence theorem and our hypotheses on uik . 
Again as in Theorem 3, 
(Lf, d = j,fv & for CpEM. 
Applying Theorem 1, we get: (A(u, u) + B(u, u), v> = (Lf, p) for v E M. 
Since for any v in R, there exists pn E M with vn ---f v in W and sup pn C K, 
where K is a fixed bounded set, the theorem follows immediately. 
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